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Recurrences

Tvery tree with
vertices has 1 — 1
edges.

Kraft  inequal-
ity: 11 the depths

of the leaves of
1 binary tree are
s

St

and equality holds

ouly il every in-
ternal node has 2

Master method

T(n) = aT(n/b)+ f(n), a>1b>1
11 e > 0 such that f(
then
T(n)
1f f(n) = O(n*

T(n)

1f % > 0 such that f(n)
1 such that a

e . then
T(n) = O

Substitution (example): Consider the
following recurrence

Tipy =277

Note that T; is always a power of two
Let #; = logy T;. Then we have

fia =2 2% fh—1

Let w = 1,/2'
the previous equation by 2! we get

Dividing hoth sides of

t 2k
STty
Substituting we find
1 L
gy = § 4w, w=h
which is simply u; = /2. So we find
9i2‘ !

that 7 has the closed form T
Summing factors (example)
the following recurrence

T(n) =3T(n/2) +n

Consider

T(1) =1

Rewrite so that all terms involvi

wre on the left side

T(n) -~ 3T(n/2) = n

tele-

Now expand the recurrence
o factor which makes the left side

scope

1(T'(n)
3(T'(n/2)

AT(n/2) = n)
3T (n/4) = n/2)

“Y(T(2) - 3T(1) = 2)

Summing the left side

we 3T(1) = T(n) — 3™
T(n) where k Ic 3 1.58496.
Summing the r side we
¥ond @)
Let ¢
1)

and so T(n) = 3n* Full history re-

currences can often be changed to limited
history ones (example): Consider

1
T, =1 ZI‘ Tp=1
=

Note that

Tipa =1

Subtracting we find

. 1
Ty To=1 ZI‘ 1 ZI,
=] =

And so Tpyy = 2T, = 241

Generating unctions:

1. Multiply both sides of the equa-
tion by '

2. Sum both sides over all i for
which the equation is valid

3. Choose a generating_function
G(r). Usnally G(r) =Yg a'r

3. Rewrite the equation in terms of
the generating fnction G(x)

L. Solve for G(x).

5. The coefficient of +* in G(

) is g

Example
g1 =2+ 1, go =0,

Multiply and sum;

b

=0

i’

We choose G(;
in terms of €

Simplify
Glr)

Solve for G

Expand this using partial fractions

Sogi =21
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7~ 31415, 25, 5~ 057721 o= L5~ 161803 b=t~ 61503
i > General Probability
1 Bernoulli Numbers (B; — 0, odd i # 1) Continnons distributions: 1f
1 1 1 b
2 1 Bo =1 By~ 4 By =4 Bi— 5 Prla < X < / () da
3 8 Bs = 4. Bs & B =& .
| 16 7 Jange of base. quadratic fortla then pis the probability density finction of
\ Change of madratic formul e
5 32 11 b Pr(X < al — P
N 13 o then P is the distribution function of X. If
7 17 Euler’s number ¢ P and p both exist then
P S T .
8 19 stetatm Pla) / o) do
0 23 i (142)" = LT
10 20 s ' . Expeetation: I X is discretc
(1+4)" <o (14 1) P
11 31 B I B Elg(X)| Z”‘« ) Pr[X
2 37 e :
12 22 1 X contimons then
13 1 =
1 " . s Eg(X) / )dz
15 17 e Variance, standard deviation
16 65.536 53 lun < Hy <lont 1 VAR[X] = E[X?] - E[X]2
17 131,072 50 AR
Hy=lnn i1 47( ) o = VVAR
18 262,144 6l For events A and B
19 524,288 67 Factorial, Stirling's approximation PrlAY B — PriA] + PrlB| PilAAB
LOAB576 71 12,6, 24, 120, 720, 5040, 40920, 362850, PrlA A B = Pr/A]- Pi(B
2,007,152 73 " . iff A and B are independent
9 70 ul 146 P 3]
1,194,304 ) < <’>) " lypxpl
8,388,608 53 Ackermann’s fimction and inverse . (5]
216 80 » P For random variables X and ¥
33,554,432 o ali - 1.2) j=1 BIX Y] = EIX]-E}
57108861 01 ali 1 IRET) if X and ¥ are independent
131,217,728 103 a(i) = min{j | a(j.j) > i} E[X +V] = E[X] + E[¥
28 268,435,456 107 Binomial distribution: . k[“"\ cEX
Bayes’ theorem:
20 536,870,012 ‘ o
20 6,870, «1) 109 gt a=1-p I PelBLA PILA,
30| 1073741824 13 N S/ W
3| 2047483608 127
b p. Inclusion-exclusion
32 | 4.204.967.206 131 = " o
Pascal's Trinmale Poisson distribution Pr [\/\] 3Py,
a oAk i =
1 PrX =k = g~ E[X] = " i
11 St 3 o [AX
121 wln Liml
1331 n Moment, inequalities
14641 The “coupon collector”: We are given a Pr[|X| = AE[X]] !
15101051 v‘u;mmwupw( ch day mr]\‘ﬂu‘n e , [‘\ . ] .
B ; different types of conpons. The distribu- Pr | X - EL F =
1615201561 tion of conpons i uniform. The expected |, i »
172135352171 number of days to pass before we to ol | CeOmetHe dismbution
1898567056288 1 lect all n types is Pr(X = k] = py/ a=1-p
103684126126 84369 1 nHy, EIX 11
110 45 120 210 252 210 120 45 10 1 v
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Trigonometry Matrices More Trig.
Multiplication
ey C=AB, cy=) aisbi;
(cos f.5in ) pt
. Determinants: det A 2 0l A is non-singulan
0 det A B =det A det B Law of cosines:
T-1) X = a? b7 2abeosC
det A s
X e
252 and 3 x 3 determinant
|
Definitions
sina 1/c cosa = B/C \sin B
csca=C/A, seca=C/B a ,,‘
sina A cosa B d e Heron's formula
S e T M TS T
Area, radius of inscribed cirele 1= /55 s 5,
3B, % Permanents . : %w’ )
Identities permd = 3 [ o s b
] J
s = — cos = — Hyperbolic Fumctions se=sc
tan Gin?rtcos?e—1, | Defimitions
ot i .
1+ tan?a = sec?a 1+ cot?z = csc?a e ot
anlir = = csch
S = cos v) sinz —sin(r—a), | T mre= Em
sech cothr
cosz = — cos(m — ). tanz = cot (§ - ) o t tanhz
. Identities
cota = —cot(m — ) cscar = cot § — cota
sin(ar + ) = sinareosy -+ cosrsiny, et i = o el = o
X coth? s esch®ar =1 sinh( ) = sinh Hu
cos(a cosreosy ¢ sinrsing,
cosh(—a) = cosha tanh(—a) = — tanh
e £y e g
¢ T+ tanrtang sinh(x + ) = sinh coshy + coshrsinh y.
cob(a +y) = LTI TL cosh(z cosh coshy + sinh z sinhy, Sz
cotr *eaty e
sin2r nacos sin 2 sinh 2 = 2sinhr coshr T—cosz
) 2 cosh2r = cosh® x4 sinh oo
cos 20 = costar — sin? cos2 sin
% oo it o
coshir + sinir = o coshir — sinha = ¢~ g
cos2e =1 cos2 cosz = ¢
(coshir + sinha)” = coshna + sinhne, 1 € Z,
tan 2 12, ! ) ) e
n 2 cot 2z 2sinh? § = coshr 1, 2cosh®$ = cosha + 1 tan e
sin(r sin® e siny
9 50 cosd tand i mathermatios
cos(r 4 y)eos(r —y) = cos?r — siny, T o 1 o | vou dont umder sinh i
Fuler stand things, you | S 5
ler’s equation . just gt wsed £ | s o
¢ —cosa +ising, . . !
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